Abstract-Recently, it was shown that an infinite perfectly electric conducting (PEC) cylinder can be nearly completely cloaked from normally incident electromagnetic waves using a single-layer homogeneous dielectric cladding. In this letter, we introduce a simple model of the cloaked PEC cylinder, of noninfinitesimal electrical size, by replacing it with an omnidirectional electric-line scatterer and a bipolar magnetic one. The analysis of the results shows that the optimal cloaking regime corresponds to the frequency point where the total electric moment is drastically mitigated; in the vicinity of this regime, we observe a behavior similar to Huygens' pairs. This explains the cloaking effect and shows that the radiation patterns of the device are directly controllable through the material parameters of the configuration, a feature that is useful in practical applications.
I. INTRODUCTION
C LOAKING devices render objects partially or wholly invisible to parts of the electromagnetic spectrum by drastically reducing the total scattering cross section of the objects. Due to the obvious interest in potential applications and due to their intriguing nature, cloaks have attracted considerable attention from both practical experts and theoretical scientists during the previous decade. In the pioneering work [1] , the control of electromagnetic fields in order to reduce interactions with an object is theoretically formulated. They use optical conformal mapping techniques and complex coordinate transformations that require exotic inhomogeneous and anisotropic materials. On the other hand, actual structures realizing broadband electromagnetic cloaking with, e.g., transmission lines, are presented in [2] , where experimental validation is provided. Furthermore, the so-called "scattering cancellation" technique has been introduced in [3] , where drastic reduction of the scattering response of a specific dielectric object is accomplished with a dielectric covering layer.
In this letter, we consider cloaking of infinite perfectly electric conducting (PEC) cylinders using the simplest possible configuration: a uniform dielectric cover [4] . A PEC circular cylinder is covered by a single cladding layer and is excited by a plane wave (whose electric field is parallel to the cylinder axis), formulating a two-dimensional (2-D) boundary-value problem. This geometric configuration is the same with the scattering cancellation cloaks of dielectric cylinders [3] , but the known design methods for scattering-cancellation cloaks cannot be used for this polarization. Basically, in this case, it is not possible to cancel scattering from the core polarization by scattering from the out-of-phase uniform polarization in the cladding, as is seen from the fact that there is no quasi-static solution (corresponding to uniform polarizations of the cladding) for the scattering cancellation cloak design. However, some numerically optimized cloaks for PEC cores are included in [5] . It is clear that the only possibility to cloak PEC cylinders for this polarization is to use electrically thick claddings (large permittivity), which correspond to regimes with significant variations of the internal fields inside the cloak. Although it is possible to numerically find the parameters at which the leading Mie expansion coefficient is zero, it still remains unclear if this will be enough for effective cloaking since the cladding is not electrically thin. It is therefore important to understand the phenomenon and develop a predictive analytical model, enabling the design of cloaks for elongated conductive objects. Here, we introduce an approximate model based on the induced equivalent moments and observe a narrowband change in the radiation-pattern behavior (from backward to forward scattering) of the device, around the cloaking regime. Such a useful feature can be exploited in applications related to controllable electromagnetic patterns. For example, a switching between backward and forward scattering radiation can be achieved with semi-conducting claddings and applied bias. The present approach can be generalized to cover any kind of two-dimensional particles with electrically moderate sizes. It appears that the introduced pair of dipole moments is sufficient to describe the radiation effect from arbitrary scatterers since it "captures" the main underlying physical phenomena.
II. MATHEMATICAL MODEL

A. Electromagnetic Fields
Let us consider a simple 2-D structure depicted in Fig. 1 . An infinite PEC cylinder of radius is covered by a single isotropic and uniform dielectric layer of the thickness . The cladding layer (Region 1) is filled with a magnetically inert material of the relative permittivity . The whole structure is placed in vacuum (Region 0, the permittivity , and the permeability ). The axis of the cylinder coincides with the -axis of the cylindrical coordinate system , which can be used interchangeably with the corresponding Cartesian one . This cylindrical configuration is illuminated by a -polarized ( or in an alternative terminology) plane wave of unitary electric-field magnitude propagating along the positive semi-axis: , where , is the free-space wavenumber, and is the operational frequency [6] . The notation concerns the Bessel function of th order, while the symbol corresponds to the Kronecker delta. The harmonic time dependence is of the form and suppressed throughout the analysis.
Due to the 2-D nature of the studied configuration and the isotropy of the materials, the (secondary) electric field in each of the two regions (0, 1) is -polarized and can be expressed in the following forms: and , where is the second-type Hankel function of th order. The wavenumber in region 0 is defined as . By imposing the necessary boundary conditions around the cylindrical surfaces , the unknown coefficient fields are readily determined. The azimuthal magnetic component in region 1 is expressed as where is the wave impedance of vacuum.
The surface current induced at the PEC surface is given by . By definition, the polarization current over the cross sections of the cladding layer is written as . Consequently, the total induced current that is the source of the scattering field by the cylindrical structure possesses the form , where is the Dirac function.
B. Equivalent Moments
The electric moment of electric current density existing in a volume can be written in the 2-D case as an integral over the cross-section surface (1) where is the electric moment per unit length (p.u.l.) of the -axis and can be analytically evaluated. This quantity (in coulombs) expresses mainly how powerful is the total induced electric current for given device dimensions and the frequency. It can be considered as a 2-D electric dipole line (or an electric current line) along the central axis of the structure, which models the electric response of the whole cylindrical configuration.
The magnetic moment of a volumetric distribution of electric current density existing in volume can be written in the 2-D case as a surface integral over the cross section (2) where is the observation vector in cylindrical coordinates and is the magnetic moment p.u.l. of the -axis. This quantity (in ampere meter) expresses mainly how powerful the spatial variation of the induced electric current is over the cross section of the device for given device dimensions and the frequency. It is a 2-D magnetic dipole line positioned along the central axis of the structure.
C. Radiation Fields
The radiated electric field by an electric moment p.u.l. of the axis in a 2-D configuration is written as follows: (3) where is the scalar Green's function in two dimensions, expressed in cylindrical coordinates. In our case, the respective expression takes the form [7] :
. Similarly, the radiated electric field produced by a magnetic-moment line p.u.l. at the axis in a 2-D configuration is given by (4) If one takes into account the polarization of the moments , substitutes Green's function , and adds the two electric fields (3) and (4), the total developed field from the moments couple possesses a single component denoted by . The two electric fields and represent the same physical quantity, namely the field scattered by the cylindrical structure under the plane-wave excitation. The difference is that the first one (the unprimed, denoted by ) is evaluated from the explicit forms of the fields determined through the rigorous canonical solution of the scattering problem, while the second one (the primed, denoted by ) is computed from the approximate model of two scattering dipole lines.
D. Total Scattering Quantities
By repeating the same procedures described above, one can readily find the corresponding field quantities , that describe the situation of a bare PEC cylinder of radius in the absence of the cladding (our solution for ). In this way, one can define the normalized total scattering widths in each case as follows: the same with the primed quantities. More specifically, and give the normalized scattering widths computed from the rigorous solution and the dipole moments, respectively.
The forward scattering theorem is a well-known lemma, frequently used in electromagnetics, which relates the scattered field by an object , along the forward direction (namely the one of the incident plane wave, here ) with the total scattered power from the object. More specifically, in the lossless case, this power (expressed in watts) is given by (5) (6) in proportion to which method we adopt (the full-wave solution or the moments model). The notation is used for the speed of light. In other words, in the case of a perfect cloak, the electric quantity should be equal and opposite to the magnetic quantity . The two sources are cooperating with each other to produce mutually neutralized scattering.
III. NUMERICAL RESULTS
The reference operational frequency of the cloak is taken equal to Hz, corresponding to unitary free-space wavelength m. The physical size of the considered structure is kept constant throughout the numerical simulations to simplify the procedure and highlight the effect of variations of the other parameters. More specifically, we take and . This assumption does not affect the generality of our investigation because similar dependencies are observed for other dimensions. Since the operational frequency does not differ significantly from , the electrical dimension of the PEC cylinder is close to 10% of the free-space operational wavelength (not a trivial task to cloak such cylinder). It should be also stressed that permittivity has no imaginary part since a lossy cladding would absorb power that is essential for the cloak to restore the incident field behind the object.
In Fig. 2(a) we sweep the relative permittivity of the cladding and evaluate the normalized total scattering width using the exact field formulas. The operating frequency is kept constant , and the optimal cloaking (the minimum ) is obtained for . This result is compatible with the optimization results referred to in [5, Sec. 3.2, Table I ]. Considerable mitigation of the scattering response of PEC cylinders is achieved for high-permittivity dielectric claddings. Therefore, the dielectric constant is kept fixed to this value hereinafter to emphasize the frequency response of the device. In Fig. 2(b) , we plot the same quantity with respect to the frequency. The optimal frequency is very close to ( ), but not exactly equal to that since the choice does not correspond to the optimal case of Fig. 2(a) . Additionally, the shapes of the two curves in Fig. 2 are similar since the horizontal axis corresponds to a common quantity: the effective electrical distance inside the cladding.
In Fig. 3 , we "zoom" in the operation of the device close to the optimal frequency to better understand the cloaking effect. In particular, we assemble five graphs of the normalized scattering patterns of the cylindrical structure, defined by for . We observe that the polar plots differ substantially from each other despite the smallness of variations of . More specifically, a backward scattering for and a forward scattering effect for have been recorded. Exactly at , we obtain a bipolar plot, which means that the first term in the field series becomes dominant in defining the scattering pattern. To put it alternatively, the omnidirectional zeroth term is suppressed at and increases rapidly when going away from this point. Such behavior reminds us clearly of the scattering cancellation principle [3] expanded to cover PEC cores with excitation [5] . Consequently, the present cloaking technique can be characterized as an "expanded scattering cancellation" suitable for cloaking of PEC cylinders. In fact, we have achieved a de facto scattering cancellation effect for PEC objects. Such a feature has been briefly referred to in [8] .
To study the phenomena in the vicinity of the optimal cloaking frequency , we adopt the simplified analytical approach with the equivalent moments described in Section III. We represent the variation of the normalized total scattering width when computed with the exact field formulas ( ) and when evaluated from the respective moments ( ) in the same diagram (Fig. 4) , as functions of the normalized frequency . The former graph is the same as Fig. 2(b) , and the latter exhibits remarkable agreement with the first one, especially for smaller frequencies. In the vicinity of the cloaking regime, the model certainly "captures" the physics in terms of the minimized scattering; implicitly, optimal frequency in the moments case is only slightly lower than ( ). However, the exact level of the maximum reduction cannot be predicted successfully since is much smaller than the actual . This difference is due to the fact that the higher-order terms are significant at where the scattering due to the leading term is mitigated. Their effect is mutually canceled in the radiation pattern of at , but they indeed substantially contribute to the overall scattered power and define this gap between the levels of and as shown in Fig. 4 . Moreover, when the operational frequency gets higher, the moments model becomes inaccurate since it replaces the entire structure by a pair of dipoles.
With the use of the moments model, the normalized scattering width is found to exhibit similar polar variations to these of Fig. 3 . Again, the cloaking effect is observed during the transition from the backward to forward scattering in the radiation pattern of the structure. In Fig. 5 , we show the simulated far-field response in the vicinity of the optimal frequency . The aforementioned transition is clearly demonstrated, despite some "noisy spikes" attributed to simulation imperfections and the small magnitude of the fields.
In Fig. 6 , we show the magnitude variation of the two amplitudes incorporated in (6) . The first one , corresponding to the electric response of the structure, is minimized (almost nullified) at as predicted above. The second one , determining the magnetic response of the cylinder, increases smoothly in the neighborhood of . Again, it is clearly noted that the electric moment represents the omnidirectional term of the far-field pattern, while the magnetic moment is proportional to the bipolar term of the corresponding radiated field series.
IV. CONCLUSION
An analytical model based on the equivalent moments of a cylindrical PEC rod covered by a conventional dielectric is used to understand and analyze the minimal scattering response of the structure when it is illuminated by a normally incident plane wave (with the electric field parallel to the cylinder's axis). In the vicinity of the cloaking frequency, a drastic change in the radiation pattern of the covered PEC cylinder is observed; in particular, there is a clear transition from backward to forward scattering. Such a feature can be useful in designing materialcontrollable electromagnetic patterns.
